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Let 5(R n ) denote the Schwartz class of rapidly decreasing smooth complex- 
valued functions on R™, and let <S'(R") denote the vector space of tempered 
distributions on R™, which are the continuous linear functionals on 5(R™). Let 
4> 6 <S(R n ) and A G S'(R n ) be given, and for each x € R" let cp x be the function 
defined by 

(1) <f>x(y) = <P(x-y). 

Thus (f> x e S(R n ) for all x E R n . 

The convolution of A and 4> is the function on R™ defined by 

(2) (A*0)(x) = A(0 a ). 

One can check that this is in fact a continuous function on R™. More precisely, 
x i— > 4> x is continuous as a function defined on R" with values in the Schwartz 
class, and hence \{4> x ) is continuous as a complex- valued function on R™ because 
A is a continuous linear functional on the Schwartz class. One can show further 
that A * 4> is a smooth function on R". 

For each pair of multi-indices a, (3 we have the semi-norm || • \\ a ,p defined on 
the Schwartz class by 

(3) Nk/9 = sup|x a -^ r V(») :zeR"j, 

where d((3) denotes the degree of /3 = (/3i, . . . , /?„), which is defined to be the sum 
/?! + • • •+/?„. This family of scminorms determines the topology on the Schwartz 
class. In particular, the statement that A is a continuous linear functional on 
the Schwartz class means that there is a nonnegative real number C and multi- 
indices a%, a p , /3 P such that 



(4) \xm<cj2 



for all functions tp in the Schwartz class. 

As a result, one can show that A * <f> is a function of polynomial growth on 
R™. To be more precise, this means that there is a nonnegative real number C\ 
and a nonnegative integer I such that 

(5) |(A*0)(ar)|<C 1 (l + |^ 



for all x G R™. That is, |A(0a;)| is bounded by a constant times a finite sum 
of seminorms applied to <p Xl and one can check that these seminorms have 
polynomial growth in x. One can take this further and show that the derivatives 
of A * <p also have polynomial growth. 

It is perhaps better to say that A * 4> has at most polynomial growth. If X(ip) 
is defined by integrating tp times a function in the Schwartz class, for instance, 
then A * <p is the same as a convolution of two functions in the Schwartz class, 
and is an element of the Schwartz class. For that matter, one can show that 
A * <f> lies in the Schwartz class if A has compact support, or if A is defined by 
integration by a measure with finite total mass. 

As another interesting special case, suppose that \{ip) is defined by integrat- 
ing if) times a fixed polynomial p(x) on R™. The definition of the convolution 
(A * 4>){x) is the same as the integral of (f>(x — y) times p(y) with respect to 
y, and this is equal to the integral of <f)(y) times p(x — y) with respect to y. 
One can expand p(x — y) as a linear combination of products of monomials in 
x and y, and the monomials in x can be taken outside the integral. Thus A * (f> 
is a polynomial, with the coefficients given by moments of </>, which is to say 
integrals of <p times monomials. It is a simple matter to write down examples 
with nonvanishing coefficients of whatever degree one might like. 

By definition, a polynomial is a linear combination of monomials x a . A 
polynomial of degree at most I is a linear combination of monomials x a where 
the multi-indices a have degree at most A homogeneous polynomial of de- 
gree I is a linear combination of monomials x a where the multi-indices a have 
degree equal to I. This is equivalent to saying that the polynomial p(x) is ho- 
mogeneous of degree / in the sense that pit x) = t l p(x) for all x G R™ and all 
positive real numbers t, or arbitrary real numbers t for that matter. By dif- 
ferentiating pit x) in t and evaluating at t = 1 we get the well-known identity 
that Y^j=i x j (9/dxj)pix) is equal to / times when is homogeneous of 
degree I. 

A polynomial is said to be harmonic if Ap = 0, where A denotes the 
usual Laplace operator, which is to say the sum of d 2 /dx 2 over j = 1, . . . ,n. 
If p is a polynomial of degree at most I, then p can be written in a canonical 
way as the sum of polynomials which are homogeneous of degrees ranging from 
to I. For if p is given as a linear combination of monomials x a where the 
multi-indices a have degree less than or equal to I, one can simply group the 
terms together of the same degree. If p is a harmonic polynomial, then the 
homogeneous components of p are also harmonic. For any polynomial p, the 
Laplacian applied to the homogeneous components of p of degree or 1 is equal 
to 0, and the Laplacian applied to a homogeneous component of p of degree 
m > 2 is the same as the homogeneous component of the polynomial Ap of 
degree m — 2. 

Let p be a harmonic polynomial on R™. We would like to check that the 
average of p over the unit sphere in R™ is equal to the value of p at the origin. It 
is enough to check this when p is a harmonic polynomial which is homogeneous 
of some degree I, since we can express any harmonic polynomial as a sum of 
homogeneous harmonic polynomials. When I = 0, our homogeneous harmonic 
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polynomial is simply a constant, and thus its average over the unit sphere is 
equal to its value at the origin. Now suppose that I > 1, in which case we would 
like to show that the average of p over the unit sphere is equal to 0. 

By the identity mentioned earlier, if x is a unit vector in R™, then p(x) is 
equal to a nonzero constant times the derivative of p at x in the direction of the 
unit normal to the unit sphere. The divergence theorem tells us that the integral 
of the unit normal derivative of p on the unit sphere is equal to 0, because the 
integral of the Laplacian of p on the unit ball is equal to 0, since p is harmonic. 
Therefore the integral of p on the unit sphere is equal to 0, as desired. 

This shows that the average of a harmonic polynomial on the unit sphere 
is equal to the value of the polynomial at the origin. In general the average of 
a harmonic polynomial over any sphere is equal to the value of the harmonic 
polynomial at the center of the sphere. Using this one can verify that the 
convolution of a harmonic polynomial p with a radial function (f> with suitable 
integrability properties, such as a radial function in the Schwartz class, is equal 
to the integral of </> over R" times p. In other words, harmonic polynomials are 
eigenfunctions for suitable radial convolution operators. 
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